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SPREADING OF WAVES LAUNCHED BY AN
ELF/VLF SATELLITE

BACKGROUND

In calculating a signal-to-noise power budget for a satellite-borne transmitter operat-
ing in the extremely low frequency (ELF) or very low frequency (VLF) range, it is
necessary to calculate the geometric spreading factor of the waves as they propagate from
a source in the ionosphere to a receiver at the earth’s surface. This spreading factor is the
ratio of an element of solid angle d© measured at the satellite transmitier to an element
of area dAg at the surface of the earth; these are related in such a way that the power
radiated by the satellite into the angle dQ falls incident eventually at the earth’s surface
in the element of area dAgp (see Fig. 1). In producing a complete signal level prediction
from a given transmitter, additional important factors must be evaluated, such as the
antenna radiated power pattern, the ionospheric transmission and reflection coefficients,
and the transmission coefficient of the sea surface (faking polarization into account).
These terms and their combination to provide a total power budget will be treated in
subsequent reports. The objective of this report is to describe a technique for evaluating
the spreading factor and to present examples of calculated results. In the Theory section,
we will describe more fully the background for this type of calculation and give a pro-
cedure for evaluating the elements of solid angle and area that uses a computer program
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and Results, we will describe some calenlations and results obtained with several frequen-
cies, transmitter locations and ionospheric models.

THEORY

Geometrical Optics
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previously in studles of electromagnetic wave propagation. Many works [1-11] discuss
or apply this approach to calculating electromagnetic field strengths. In particular,

Refs. 2 and 3 treat the case of passage at a plane boundary from a medium with a high
index of refraction, such as the ionosphere, abruptly into one with a low index of refrac-
tion, such as free space below the ionosphere. The idealized propagation problem is
formulated exactly in terms of separable wave functions in cylindrical coordinates.
References 2 and 3 show that the integral expression thus obtained may be evaluated by

the method of steepest descents and that the first term in the evaluation of the wave
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we mean that the resultant field ampl:tude is given by the product of an antenna radia-
tion pattern factor, a spreading factor computed according to geometric optic ray tracing

The

Manuscript submitted August 19, 1974.
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Fig. 1 — Spreading factor quantities d0 and dAg. The multihop
area element dAg(1) is also shown

{i.e., Snell’s law at sharp boundaries) and appropriate plane-wave reflection and/or trans-
mission factors that account for the reflection and/or fransmission losses occurring at

sharp boundaries.)

Reference 2 shows that higher order terms represent lateral wave, surface wave, and
evanescent wave contributions and presents an analytic propagation solution both for an
isotropic medium and a uniaxially anisotropic medium, The equivalence of a geometric
optics formulation and the saddlepoint evaluation of the exact integral formulation iz
not shown for the general anisotropic medium {possibly because the separation of variables
technique is not usable in the general anisofropic case). Nevertheless, we will use the
geometric optics spreading term in our power budget because it has strong support from
physical intuition; it is common scientific practice to do so in treating whistlers 19], and
it has firm theoretical justification in the limited cases where sxact theoretical field evalua-
tions can be obtained and evaluated by a saddlepoint technique,

The Ray Tracing Program

Alexander [12] describes a ray tracing computer program that infegrates the three-
dimensional Haselgrove equations [13] along a ray path in the magnetosphere. The
Haselgrove equations are reviewed by Budden [14]. The six Haselgrove equations are
given below in the notation of Ref, 12:
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In these equations r, #, and ¢ are the spherical coordinates of the ray position and y is
the phase refractive index. The quantities p,, ps, and p, are the components of the
wave normal vector p which has magnitude u. (In other words the vector p at a point
on the ray trace has the direction of the phase velocity of the wave and its magnitude
equal to the wave’s phase refractive index.) The quantities 7, 6, @, Pr, po, and P, are
the derivatives of the above quantities with respect to the speed of light times time (ct).
During the computer calculation the above differential equations are integrated using a
Runge-Kutta-Gill technique [15] and an Adams-Bashford technique [12].

Magnetospheric and Ionospheric Models

A magnetospheric ion and electron density model is used during a ray trace for the
calculation of the refractive index u of a wave located at a given point (r, 8, ¢) in the
magnetosphere with the wave’s phase velocity pointing in a particular direction. It is
also required for determining the partial derivatives du/96, du/dpys, etc., also used in the
Haselgrove equations. The program has the option of using any of five different mag-
netospheric models. The inclusion of additional magnetospheric models is a straight-
forward computer programming problem.

A model of the lower ionosphere below 300 km was not included in the original
program, and all ray traces performed by Alexander were originated and ended at heights
at or above 300 km. For tracing rays at altitudes below 300 km, additional program-
ming was included to account for the ionospheric electron and ion densifies below 300
km. Three different electron and ion density models have been used in this height
range. The values of d2/dAg do not seem to be very sensitive to the choice of lower
ionospheric electron density profile, Specific details regarding the three models (referred
to as A-1, A-2, and A-3) are contained in the Appendix.

3
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Evaluation of Divect Spreading Factor

In performing a calculation of d2/dAg from a sateliite at a fixed location, an initial
starting direction is chosen for the wave propagation vector p, and a ray trace is performed
down to the earth’s surface. (Sometimes the ray does not reach the earth’s surface because
it reflects at some point high in the 1onosphere or because it totally reflects at the lower

------- A vy e onla o 1T Yot e

wﬁﬁd&l‘fy‘ of the iﬁi‘iﬁs‘fﬁuuc.; Iluvnnng the ray reaches the gﬁ;uﬁd the location on the
earth’s surface at which it intercepts the ground is stored for future use. The second and
third rays are then initiated at the satellife, with slightly different initial divections. The
iocations at which these rays intercept the earth’s surface are also stored. From the direc-
tions of the three rays, a solid angle element d2 is determined. From the locations of
the three corresponding points on the earth’s surface, an area element dA g is determined.
By this method, the ratic df2/dAg is constructed.

When the program is run in ifs multihop mode, it is necessary to reverse the sign of
pr for each of the initial rays at the point where it first intersects the earth’s surface and
io send if back toward the ionosphere. When each ray trace reaches a reference level
{approximately 70 km) near the bottom of the ionosphere, the sign of p, is reversed again
and the ray is headed back to the earth’s surface. The coordinates of the second point of
ground intersection of each ray are noted and stored. From the locations at which the
three rays have intercepied the earth’s surface after one reflection from the earth and one

raflontinm ot thao innoenhevrae thae vaetin A0 FAdA - fli ig farmoad  Tikowico aftar n raflactiane
AfriiWt ULIFEL AL LIRS 1!.111!..!9&141!.-1\15 WAL LIAWVLIAS WHHJ\JJ l& 40 LAWVALLILIU A AAAERW FF AT RALGL i L1l U VELILLIG

at the ground and ionosphere, the ratio dQ /dAg(n) is formed.

At each reflection at the ionosphere, portions of the wave power will he transmitted,
reflected, and absorbed. These losses must be accounted for in a total power budget, but
are not a part of the spreading factor.

At first glance one might doubt the applicability of a geometric optics formulation

to a case in which the waveguide height is on the order of a wavelength. However, Galejs.
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gives results in cloge agreement with exact wave theoretic calculations for both VLF and
ELF waves within 1000 km of a transmitter. In our formulation we have omitted the
induction field ferms kept by Galeis and refain only the radiation field terms. The indue-
tion field terms should become significant only when the free-space wavelength exceeds

27 times the slant range from the ionospheric exit point to the receiver. For an ionospheric
height of 70 kun the inductive term would not be important for frequencies above 700 Hz.

In defermining the initial wave direction of a ray trace, Alexander’s program employs
two variables, DELI and DELPHL These eﬁrrespené %:0 the angles 3; and 8, in Fig. 2,
which shows a coordinate frame with unit vectors r ﬂ, 7 with its origin at the satellite’s
location. The unit vector 7 is pointed in the radial direction {(away from the center of
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Fig. 2 — Propagation wave angles showing relation of angles
by and ﬁip to spherical polar angles (8, »')

the earth). The unit vector g is perpendlcular to r, lies in the plane of the meridian and
points southward; the unit vector ¢ is orthogonal to both f and § and points eastward.

The angle 8y is the angle between the 7 vector and the projection of the wave propagation
vector & onto the plane of the meridian (the 7, ] plane). The angle &, is the angle between
the r vector and the projection of the wave propagatlon vector k onto the (7, p) plane. The
transformation between the angles (89, 8,) to a 8, ¢' direction in a spherical coordinate
byau:m lldVlIlg bIH:.' same urlgm lb glven Dy

tan ¢’ = tan 8, cot 8y (N
, [cos® 5 sin? bg * sin2 B‘p cos? 8 ¥

sin ' = 4
1 - sin? 60 sin? 5"0

(8)
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The differential element of solid angle dQ2 is well known in the spherical coordinate sys-
tem as

dl =sin 8" do’ dy’. {%)
The differential angle product d6’ dy' is related to the angular product dép ds, by the
dacobian of th ransformation given by Egs. {(7) and {8);
3 {8
do’ dy' = I——{-—‘fii ds, d5, (10)
j9 105, 0,}] o
where the Jacobian is defined by
L L ot - ¥ n oAt - 4
aif a6’ & 368"’ @

3(53, 5@} 93y 651;, aa{p aby

Evaluating the partial derivatives of Eq. (11) using Egs. {7) and {8), and combining
Eqs. (9), (10), and (11), we obtain

co8 5‘9 €os 5313

g = dsg ds,, . (12)

(1 -sin? 5, sin? & _)3[2
d ¥

This expression can be used io evaluate the solid angle made by three intersecting rays at
the {ransmitter (satellite).

Evaluation of dAE

When the ray path integration finally reaches the earth’s surface, the integrafion
stops. The values for the iatitude ® and longitude ¢ of the point where the earth’s
surface iz intercepted are determined by linearly inferpolating between the coordinates
of two points that straddle the earth’s surface — one slightly above i{ and one slightly below

it. Similarly, we evaluate the coordinates (@3, ®g) and (B3, $3), the ground intersection
points of the second and third ray iraces. From these three landing points an element of

area dAg is then computed accordmg to
dAg = a® By By |sin (ry ~ 75 | - (13)

where g is the radius of the earth, and

By ? = (8, - ®,)° +sin? [(®, + ®,)/2] (&, - &,) (14)
7 2 _im o _@ Y e a2 e VST i _ i3 1KYy
Py Wy - Byt T AT iy 7 S ilai Ry - Rg) 1i9;
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tan v, = %1 - % (16)
2L sin [(®, + ®,)/2] (2, - B,)
®; - @
tan vgq = (7

sin [(@, + ®g)/2] (& - &5)

The above algorithm [Egs. (13)—(17)] treats the small area on the spherical earth’s surface
as if it were a plane area (which is a very good approximation since dAg < a2}. The cal-
culation of dAg for multihop waves is done likewise by applying Eq. (13) to the coordi-
nates of the ground interception points of the multihop wave.

CALCULATIONS AND RESULTS
Ray Tracing Through the Magnetosphere

Ray Traces at 3 kHz — Using the winter nighttime magnetospheric model, we calcu-
lated propagation paths for 3-kHz waves initiated at 300-km height having their wave
normals directed vertically outward from the center of the earth at each 5° in magnetic
dipole latitude in the range 20°N to 55°N. An earth-centered geomagnetic dipole field
model was used. The ray tracing paths are shown in Fig. 3. Each ray is terminated at its
reflection point (the point at which the ray would reverse its direction and return toward
the northern hemisphere). We may note that none of these rays propagate to the earth’s
surface in the southern hemisphere. (The actual occurrence of lightning-induced, ground-
to-ground whistlers at this frequency is commonly attributed to the occurrence of ducts,
i.e., localized enhancements of electron and ion density along a magnetic field line.)

Downgoing Ray Traces — Several reversed rays (Fig. 4) were initiated near the reflec-
tion point of the 3-kHz ray which originally was an upgoing ray originated at 45°N latitude.
The wave normal directions were reversed nearly 180° from that of the ray traced in Fig. 3,
so the downcoming rays nearly retraced the path of the upgoing ray back towards the
earth’s surface in the northern hemisphere, The center ray shown in Fig 4 has its wave

narmal Aisantard gawiinally inogard taurned $lhn nantan ~AF dha anwilh arhams 36 wanatbhas dhs
LIVEMIQL WlITLuew vcxhn.a.u_y INWara 1owara e Ceiiver oI e earin wien 10 LCavlloy Ullﬂ

altitude 300 km. The other two rays are started with wave normals directed +0.25° with
respect to the center ray. These rays reach 300 km with a spread of approximately 3.5°
in latitude. The spreading is not uniform, however, with the inner ray landing approx1-
mately 1° south of the center ray, and the outer ray landing approximately 2.5° north of
the center ray. All the rays shown in Fig. 4 obey Snell’s law for propagation into the
earth-ionosphere waveguide.

Propagation Through Various Regimes — During the propagation of a 3-kHz wave
from a source in the magnetosphere to the earth’s surface, it is quite possible for the wave
to pass from a region in which the index of refraction surface is closed to one in which
the surface is open and vice versa. Usually this does not produce a strong effect on the

propagation of the wave (unless the wave normal is nearly transverse to the magnetic field).
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\J ¢ 7
\ 30 30
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Fig. 3 — Upgoing ray tracings at 3 kHs Fig. 4 — Downwardray traces from a satel-
using a winter nigh{time magnetospheric jite position near the reflection peint. The
model. The rays are arbitrarily terminated traces show nonsymmetrical N-S spreading

at their reflection points. about the ceniral ray.

For example, the 3-kHz wave illustrated in Fig. 5 passes smoothly from its origin in the

snuthern mnﬁhﬁfﬁﬂﬂhﬁvn i0 iks qrh'lf—rnrw formination 304 ks ghove the aesvﬂn at JKD N latitnde

even though it pmceeds from a region ii’i which it has a closed index of refraction surface
{solid line portion of path} to an open surface region {dashed line portion of the path) and
back to a closed surface region. These topological transitions are discussed hy Stix [16].

Frequency Varietion of Ray Trajectories — The frequency dependence of the ray
paths of waves propagating in the magnetosphere may permit some aiming of the signal.
Figure 6 shows that there is an extended region of the southern magnetosphere from which
waves in the band from 700 Hz to 30 kHz can pmpagate to the 45°N latitude receiver

location. In principls, a satellite transmitier having a range of iransmitied frequencies
hbetween 700 Hz and 80 kHz in a circular polar orbit at an altitude of 8000 km (dashed line
on Fig. 6) could be in radic contact with a point at 45°N latitude for a period of about 26
min out of an orbifal period of 283 min. However, this technique must be regarded only

as an interesting theoretical possibility because its implementation would require that the
transmitter possess fairly detailed information about the intervening magnetoplasma densi-
ties, so that it can select a proper frequency variation with fime during its orbital pass.

One approach would have a feedback signal from the communication reception area sent

to the satellite {(perhaps via UHF) to control automatically the satellite’s frequency fo
produce the best reception.

Figure 6 also implies that a transmitter located in the same hemisphere as the receiver
at altitudes less than a few thousand kilometers would not ordinarily gain very much signal
aiming flexibility from frequency diversity because all of the rays from 700 Hz to 30 kHz
appear o follow nearly the same ray path through the lower magnetosphere down to
300 km.
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RESONANCE CONTOQURS

250 Hz

500 Hz

Fig. 5 — A 3-kHz ray path shown crossing twice through the
3-kHz lower hybrid resonance frequency regime, The refrac-
tive index surface is open along the dashed portion of the ray
path and closed along the solid line portion.

Ray Tracing Through the Lower Ionsophere — As mentioned previously, the com-
puter program employs a Runge-Kutta technique to initiate the numerical integration and
the Adams-Bashford technique to carry out the main bulk of the integration of the
Haselgrove equations. The Adams-Bashford predictor-corrector integration technique com-
putes the new value of the coordinates from a knowledge of the values of the coordinates
and derivatives at previous points in the integration, When the predicted values of the
coordinates differ appreciably from the cotrected values, the program reduces the inte-
gration step size by one-half and recomputes the coordinates. When the program is
tracing rays through a boundary where one electron density model (the magnetosphere)
abuts another (the lower ionosphere), it is essential that the two models join continuously
to keep the difference between the predicted and corrected values of the coordinates
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Fig. 8 — Upgoing ray traces at several frequencies
iHustrating the aiming fexibility of a very wide-
band, frequency-agilte satellite

small in going across the boundary, In implementing lower ionospheric models A-1 and
A-Z in the computer, a brufe force method was used to effect the joining hetween the two
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value they had at the last integration location above 300 km. This ad hoc selection of
the 300-km electron and ion densities causes the predictor-corrector comparator io halve
the step size repeatedly as it tries to pass 300-km height. With sufficiently small step
size, the change in electron densities between the poinis that straddle the 300-km height
becomes insignificant. The program can then pass through the 300-km level and proceed
to lower altitudes where the electron and ion density profiles are described by smoothly
varying functions of the coordinates. In this lower region the predictor-corrector notices
that very little error is being made and permits the step size to grow larger. Thus, in

vigdiry v dada A T o A T dln rmwnaswnme haliran thn sdme sica oo fha o swarr manwma Fhia hawmeaut?
DLl 1LIVUCID A1 UL 4, wao }_.nuslaui IIGIVYTT iT BLOY DIAT 4D VT 14AayY LIDGLS WG L¥ -3 5 i)
at 300 km.

Below 300 km the program doubles the step size rapidly, and the integration auto-
matically speeds up. With model A-1, the program slows down again as the ray height
approaches 70 km, To facilifate the ray fracing, the calculation is stopped at 71.0-km
height, and a new ray is initiated at 69.9 km having the correct wave normal direction
for propagation in the earth-jonosphere waveguide (if the wave normal angle at 71.0 km
is less than the critical angle for exiting from the ionosphere). If at 71.0 km the wave

rirvrinial an{ﬂa ic gpoaior than the nnhncﬂ onrﬂn for nvrhnfr 1ﬁ+n ’Hﬁ.a :nraunmuﬁn in‘hﬁ intarmai
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reflection is assumed to occur, and the ray tracing is halted.

Usually a ray that exifs from the lowsr ionpsphere will continue down fo the earth’s
surface. However, rays that exit from the ionosphere at an angle from the normal exceeding
about 80° will not intersect the earth’s surface, but will propagate in a straight line and
intersect the lower ionosphere again. Because there is no way to form an element of area
dAg by using these rays, the ray tracing is terminated when the computer notices that the
radial coordinate of the wave is increasing hefore a ground reflection takes place.

10
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With model A-2, the integration through the lower ionosphere is slower because there
are numerous boundaries at which the derivatives of electron density are discontinuous.
In model A-2 the computer permits the ray to emerge from the lower ionosphere at 84 km.

Spreading Factor Results

Figure 7 shows the variation of the spreading factor with receiver latitude for 3-kHz
waves from a fixed satellite transmitter, Two different transmitter locations and two dif-

ferent lower ionospheric models are used. Figure 8 shows the variation of the spreading
factor with the longitude of the receiver using lower ionospheric model A-1. (Actually, in
performing the latter calculations, 8, was varied while g was held fixed at the transmitter.
This procedure resuited in a relatively large change in the iongitude of the ground receiver
point and only small change in the latitude. Consequently, the variation with receiver
longitude plotted in Fig. 8 corresponds to a nearly constant latitude.) For the cases shown
in Figs. 7 and 8, the starting direction (5., 8g) of each initial ray of the triad of rays, and
the incremental step sizes (d6,,d6g) were inserted by having separate cards read by the
computer. '

SPREADING FACTOR

1078
3kHz

an
IONOSPHERE
1077 ; y

{km™2)
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- Uy _9
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XMTR XMTR  |ONOSPHERE MODEL
HEIGHT  LATITUDE  A-1 A-2
818km 436°  — x
10~101. 2152 km 38.5° —_— ©

I | ] | | ] ]
35 40 45 50 55 60 65 7O
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Fig. 7 — Variation of spreading factor with receiver latitude for
two fixed transmitter locations, The X’s and O’s are resulis for
lower ionospheric model A-2. The lines are results for model A-1.
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SPREADING FACTOR
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Fip. 8 — Variation of spreading factor with receiver longitnde for
two fixed transmitter locations, Model A-1 resuits are shovwn.

After data for Figs. 7 and 8 were obtained, the program was modified to provide an
automatic choice of 89, 8, dby, ds, for efficiently implementing subsequent calculations.
With this procedure the results of Figs. 9 through 13 were obtained using various lower
ionosphere models. Multiple hop spreading factors were also obtained using this automatic
procedure. Plots of the lognitudinal variations of the spreading factor for the multihop case
for transmitter frequencies of 3kHz and 10kHz are shown in Figs. 14 and 15, respectively.

DISCUSBION
Spreading Factor

Pigares 7 through 10 imply that, for fixed low-altitude transmitier locations, the
received field al the earth’s surface is a very sensitive function of the receiver location.
For example, if the receiver is 3° from the maximum spreading factor point of the “hot-
spot™ area, the signal may be reduced by as much as 10 dB.

Figures 9 and 10 show thatl the spreading factor depends on the selection of the lower

[y S . . | kUL e, R I I R & [ JUURE . S . SR S L U T Srpu. IR I 5 P
iofiOspieniC HIOUe. L1 s WOUENL LGL W1E 3UppresSion U Wie avlvae aepenyence 01 e
lower ionospheric layers when model A-1 is used may account for the differences in the
calenlated spreading factors.
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Fig. 9 — Comparison of latitude variation of spreading
factor using models A-1 and A-3

Figures 11 and 12 compare the spreading factors of two transmitters located near the
magnetic equator to those of one located at midlatitude at 303-km height. Figure 13
shows some of the ray traces used in producing Fig. 11. The higher equatorial transmitter
produces a pattern (curve b, Fig. 11) which is much lower in magnitude and broader in
latitude than that (curve a) of the lower altitude transmitter. The pattern of the higher
equatorial satellite also appears to be much smaller in longitudinal extent (approximately
7°), than in latitudinal extent {approximately 17°). The lower equatorial satellite (curve c)
does not produce such a broad latitudinal coverage pattern, nor is there as much difference
between its latitudinal and longitudinal coverage patterns. The magnetospheric plasma
density model contains a latitudinal variation which, as shown in Fig. 3, causes a relatively
complicated focusing and defocusing of rays that originate at different latitudes and
altitudes. The plasma model effects appear to be reflected here in the difference in
coverage patterns by transmitters located at different heights above the magnetic equator.
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Fig. 11 — Latitude variation of spreading iactor for

various conditions: (a) transmitter slightly below F-layer;
(b)and (¢) high-altitude transmitters located near equator.
Model A-3 was used.
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Fig. 13 — Ray traces used to obtain spreading
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Fig. 14 — Longitudinal variation of multihop spreading
factors at 3 kHz using models A-1 and A-2 ionospheres
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Smith and Rorden Comparison

Smith and Rorden [17] have presented an approximate equation for the signal power
budget of an ELF/VLF transmitting satellite. They use a factor (Eq. (18)) that is analo-
gous to our spreading term appropriate for the maximum signal point of the hot spot

1 de@ 1

7 72 (18)

cos f dAg i

where 1 is the index of refraction of the wave at the satellite, and & is the height of the
earth-ionosphere waveguide.

Table 1 presents a comparison of resulds using Eq. {(18) and our results using ray
tracing techniques. The appropriate value of z was obtained from the ray tracing output.
From the cases shown in Table 1 we see that the values of the Smith-Rorden spreading
factor fail in the range of vahies predicted by ray iracing fechniques, but differences
between the factors by as much as a factor of 3 occur. Further, Eq. (18) predicts that
the spreading factor should increase as the sateliite location is changed from {818 km,

43,8°N) to (2152 km, 38.5°N). In fact, the spreading factor decreases, These differences

13
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Table 1
Comparison of the 3-kHz Geometrical Spreading Factor
with the Approximate Value of Smith and Rorden

gﬁ?&;ﬁz Lower Ionosphere | Eq. (18) Prediction® | Our Prediction
— T T T . . Model (km~2) km(2)
Height (km) | Latitude A ’ o
818 43.6°N A-1 6.8X% 1077 4.3%x 1077
818 43.6°N A-2 47X 1077 2.8% 1077
818 43.6°N A-3 46X% 1077 1,77 X 10~
2152 38.5°N Al 8.95 % 1077 2.0% 1077
2152 38.5°N A2 6.21 % 1077 1.6 X 1077

*For comparisons to our prediction using Models A-1, A-2 and A-3, we have used heights h of
70, 84, and 70 km, respectively, in Eq. {18).

occur, in part, because Eq. (18) ignores any spreading occurring during propagation from
the satellite to the lower ionosphere boundary.

Multihop Spreading Factors

Figures 14 and 15 show the results of multihop evaluations of the spreading factor.
We note that near the center of the spreading factor pattern the direct path spreading fac-
tor is the largest; but as the receiver location moves away from this central location the
spreading factors of rays having one, two, and then three, etc., reflections from the
ionosphere are largest in their turn.

CONCLUSIONS

Single and multiple hop spreading factors have been evaluated for a number of cases.
In all low altitude transmitter cases the spreading factor decreased rapidly in magnitude as
distance from the maximum point of the hot spot power pattern increased. The spreading
factor pattern is shown to depend on the lower ionospheric model used for calculations.
The spreading factor is shown to be smaller and less sensitive to receiver location for a
fixed high altitude transmitter location. Qualitative and quantitative differences exist
between our spreading factor results and those obtained using an expression of Smith and
Rorden,
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Appendix

LOWER IONOSPHERIC MODELS

The three lower ionospheric models that were used to produce the spreading factor
results shown in this report are described in this appendix,

LINEAR LOWER IONOSPHERIC MODEL

Model A-1, the linear lower ionospheric model, is rather simple in form. The
electron and ion densities are selected so that they diminish linearly with height between
300 and 70 km, The particle densities at 300 km are fixed by the computer to be equal
to the particle density of the magnetospheric model at the point where the ray crosses
the 300-km level. The linear variation of particle density with height is then fixed so that
the densities would equal zero particles per cubic centimeter at a 70-km height. The
particle densities are fixed so as not to vary in latitude or longitude once the ray passes
below 300 km.

LOWER IONCSPHERIC MODEL A-2

In model A-2 the electron density variation with height is more complicated and
hopefully more realistic.* As with model A-1, the electron and ion densities at 300 km
are set equal to the densities of the magnetospheric model at the point where the ray
crosses the 300-km level. The ion densities are set to decrease linearly from their values
at 300 km down to zerc af 88-km height. The electron density varies with height in =
more complicated way. The electron density profile is divided into six layers. In each
layer the electron density N{#) is calculated by an expression of the form

N(h) = N,y 10°0 01 htoph®raghl (A1)

where N is an overall normalizing parameter for each layer; ag, 21, @3, and a3 are
chosen to fit a model ionosphere; and k is the height of the point above the ground.
The N parameter of each layer is chosen to make the electron density variation con-
tinuous wifh height in proceeding from a higher layer to a lower one. In the layer
between 100.0- and 95.0-km height, a linear variation of eleciron density with height

is assumed. In the layer below this linear variation, Ng is set equal to 1.0. Below 84.0
km the electron and ion densities are all set fo zero. The electron and ion densities are
not permitted to vary with latitude or longitude below 300 km.

*3. Galejs, “Stable Solutions of Ionospheric Fields in the Propagation of ELF and VLF Waves,” Radie
Sel. 7, 648-561 {1972)
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Figure Al shows typical electron density profiles from models A-1 and A-2. Table
Al presents a list of the layer boundary heights and the values of the {a,-} within these
layers for model A-2,

300
250
A2 MODEL
200+
€
=
150
A1 MODEL
50 L | 1 1
103 10% 105
ng(h) (em™®)

Fig. A1 — Graphs showing typical electron density
profiles for meodels A-1 and A-2

SMOOTHLY VARYING LOWER IONOSPHERIC MODEL A-3

Ionospheric model A-3 is a latitude-dependent model having a smoothly varying
electron density profile, It is joined to the magnetospheric model at the reference
height of 900 km. Below 800 km the relative ion abundance ratios along each geo-
magnetic field line are fixed at their reference height values.

The electron density profile for model A-3 is divided into a number of concentric
layers. In each layer the electron density N is calculated using an expression of the
form

+ays + aps? + agsd + ayst

a
N(h0) = Nggy (A2)
where Nggg is the electron density at the reference height along the field line passing

through the point given by altitude h and latitude 6. The normalized height s is defined
by
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Table Al

Values of the {a;} used in Producing Model A-2

Layer Lay%ﬁ;ﬁjights
Number | gy, Bottom 20 @ a2 43

1 300 240 -6.841346x101 7.382568X10-1 ~2.651159x10~-3 3.168195X 10-6
2 240 | 200 3.118793x102 -4,295851 1.978827X10-2 - 3.007970X10-5
3 200 100 2.605656 1,544002X10~2 ~-1.429726X10-4 4.528743X10-7
4 100 95
5 95 85 -7.724051X102 2.617383X101 -2.944590X10-1 1.103716X10-3
6 85 84 -2.318612x103 8.991779x101 -1.161261 4.996458X10-3

LAVHD (INV HINVE ‘R2TTa8
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s=(h- h,)/(900- k)

with k, equal to the lower boundary height of the ionosphere. Table A2 lists the layer

boundary heights and the values of the coefficients {ai}

within each layer for model A-3.

The coefficients were chosen to closely approximate observed electron density profiles
from the F layer peak to 900 km and to provide a smooth transition from this peak to
the low electron densities observed near the bottom of the ionosphere, Figure A2 shows
the variation of the normalized electron density along a field line as a function of altitude,

Because the normalization constant logio/Nggg appearing in Fig. A2 is latitude
dependent, the actual electron density vs height profile varies from one field line to
another in this model.

Table A2
Values of the{a ; } used in Producing Model A-3
Layer Heights
Layer
(km) ag al as ag aa
Number Top |Bottom
1 111.5 70 0.00000 | 18.60000 | 488,2222| -12768.8888 | 60088.88888
2 194.5 | 111.5 | 0.85230| 0.99233 | 11.4155 -65.0222 107.555565
3 319 194.5 | 1.36084 |-7.13689 | 52.166 -118.8938 73.50349
4 200 319 1.10595 | 1.45814 | -3.4423 2.4989 -0.62473
2b
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Fig. AZ — Graph showing typical electron density
profile along field lines for model A-3
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